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ABSTRACT

This paper considers the online multi-stream quickest change-
point detection problem. An agent is faced with a set of
independent data streams, one of which contains a change-
point at an unknown time step which shifts the mean of its
distribution by an unknown amount. The goal of the agent
is to minimize its detection delay while controlling for false
alarms. Uninterrupted monitoring of every stream can be
costly due to resource limitations, so the agent only observes
one stream at each point in time. We propose an adaptive
algorithm which combines an e-greedy selection rule with a
change-point detection algorithm for unknown post-change
means. Our main contributions are performance bounds of
our algorithm which show that it matches the asymptotic de-
tection delay (to within a constant factor) of single-stream
CUSUM. Compared with previous work, our algorithm re-
lies on considerably fewer assumptions.

1. INTRODUCTION

We propose an algorithm for online multi-stream quick-
est change detection in the case of an unknown post-change
mean. All streams are initially identically distributed ac-
cording to a distribution known to the observer. At an
unknown change-point, the mean of an unknown stream’s
generating distribution shifts by an unknown amount. The
agent that is searching for the change-point is constrained
to sample only one stream at each time step, which intro-
duces an exploration-exploitation tradeoff in our problem.
We combine an e-greedy approach, which induces a small
amount of forced exploration, with a change-point detec-
tion procedure known as the Generalized Likelihood Ratio
(GLR) statistic, which we use to drive exploitation.

Multi-stream quickest change detection with unknown post-
change means has been addressed in some prior works, and
the most relevant such works are [11] and [3], from which our
approach differs in significant ways. Developments in [11]
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also consider a multi-stream formulation in which only one
stream is sampled at each time step, and that work pro-
poses a round-robin algorithm for stream selection. How-
ever, a drawback of their approach is that it requires the
post-change parameter to have a known lower bound greater
than the pre-change parameter, which limits its effectiveness
in adversarial settings in which an adversary may attempt
to evade detection by deliberately minimizing the changes
that they cause, e.g., by minimizing their radar cross sec-
tion. Work in [3] also employs an e-greedy based strategy in
their multi-dimensional change detection algorithm. How-
ever, their approach requires the set of possible post-change
parameters to be finite, which limits the usability of their
algorithm in continuous signal settings.

In this paper, we eliminate these assumptions for the case
of univariate Gaussian sequences with an unknown post-
change mean shift, and this setup is ubiquitous in radar de-
tection and other remote-sensing problems involving matched
filters and outlier detectors. To analyze our approach, we
derive worst-case minimax detection delay results for our
approach based on a surrogate used in [9]. Then we show
that, despite considering a multi-stream setting and relying
on weaker assumptions, our approach has an asymptotic de-
tection delay that matches (to within a constant factor) the
asymptotic detection delay of a single-stream approach.

2. PROBLEM FORMULATION

We first provide background on online quickest change
detection, then state the problem that we solve.

2.1 Background

The cumulative sum (CUSUM) algorithm, introduced in [6],
monitors the maximum of a set of partial sums of log-likelihood
ratios to detect a change in the distribution of samples from
a known distribution fo to a known distribution fi;. The
statistic (for one stream) at time ¢ is defined as

CUSUM __ : f1(Xi)
T, = max, log (fO(Xi)) ; (1)

i=k+1
where X; denotes the observation at time ¢. For a thresh-
old A, a detection is flagged at the earliest time step ¢ at
which T,°Y8"™ exceeds X. At each time t, (1) can be com-
puted in O(1) time with the recursive formula

Xy) /
pCcusuM _ o {10 (fl( t ) +T(1USUM7O}.
t max g fO(Xt) t—1

CUSUM was shown to be minimax optimal in [5]. However




it requires prior knowledge of fo and fi. The generalized
likelihood ratio (GLR) procedure extends CUSUM to the
case of an unknown post-change parameter by inserting a
maximum likelihood estimator, and it takes the form

TtGLR' = max sup Z log (f6(§2)> , (2)

0§k<tee®i:k+1 Jo(X:)

where © is a pre-defined set of possible parameter values.
From [9], for an unknown change in the mean of a normal
distribution with known variance, the GLR statistic is

Cox)?
TtGLR — max (21:k+1 ) . (3)

To<k<t 2(t—k)

The GLR statistic in (2) typically has a per-iteration com-
putational cost of O(t), which can be prohibitive for large ¢
[10]. The FOCusS algorithm from [8] reduces this complexity
in the case of detecting a mean change of a Gaussian distri-
bution, and it computes (3) with an O(logt) per-iteration
complexity. At each time ¢, the FOCuS algorithm maximizes
a piecewise-quadratic cost function, where each quadratic
corresponds to a possible change-point location. This ap-
proach is equivalent to maximizing the CUSUM statistic in
(1) over all values of the post-change parameter, and the
FOCuS algorithm performs this maximization efficiently by
using a pruning strategy. Analysis of the single-stream de-
tection delay of the GLR detection procedure in the case of
a univariate mean change of a Gaussian distribution can be
found in [9].

2.2 Problem Statement

We consider M independent data sequences. We denote
the set of streams as [M] := {1,...,M}. The stream se-
lected and observation generated at time t are denoted as
A¢ € [M] and X; € R, respectively. Let A = (A1, Ag,...)
denote the sampling rule according to which the agent se-
lects the stream to sample at each point in time. The
i'" observation from stream m is denoted as Xfm). The
known pre-change distribution, whose density is denoted fo,
is N'(po,1), where N (i, 0?) denotes a univariate Gaussian
distribution with mean u and variance o. We assume with-
out loss of generality that puo = 0. Let ¢ and ® denote the
standard normal density and distribution functions, respec-
tively. The post-change distribution, whose density is de-
noted fi1, is N(u1,1), where p1 # po and p1 is unknown,
though the agent knows fi is a normal distribution with unit
variance. We denote the KL-divergence between fi and fo
as D(f1]|fo). To ease notation, we assume without loss of
generality that stream 1 contains the change-point at time
v. If t > v and A; =1, then X; ~ f1. Otherwise, X: ~ fo.

We use T; to denote the detection statistic that we use,
and the stopping time of the change-point detection algo-
rithm is then 7 = inf {¢ > 0 : T} > A}, where X is the fixed
detection threshold that is set when the algorithm is ini-
tialized. We denote the o-algebra generated up to time ¢
as Fir = o (A1, X1,..., A+ X¢). Given M streams and a
change-point at time v in stream 1, we denote the induced
probability measure and expected value as Py, and Epy,,,
respectively. When no change-point exists, we use Pus o
and Enr,. The following problem adapts the problem for-
mulation from [7].

PROBLEM 1. Develop a procedure (t,A) that minimizes

the conditional average detection delay

CADDw (7, A) :=supEy [T —v | 7 > 1),
v>0

subject to the average run length
A1:{1_41\4(7'7 A) = EA{’DO[T] Z Y

for a given constant v > 0.

3. ALGORITHM

In this section we provide a summary of our bandit change
detector algorithm. This algorithm takes in a detection
threshold A > 0 and an exploration parameter ¢ € (0,1)
(whose role we define below), and we name the algorithm e-
FOCuS. In it, the symbol Nt(m) denotes the number of ob-
servations of stream m € [M] that have been taken at all
times up to and including time t, i.e.,

t
N™ =3"1{A, =m},

k=1
where 1{S} is the indicator function for the event S. The
agent maintains a local statistic for each stream m € [M],
which is denoted as Tt(m)7 and this statistic is generated

(m) X " The local

from stream m’s observations X; 7, ..., (m)
Nt

statistic for stream m € [M] at time ¢ is calculated as

Tt(m) = max
0<k<N{™ 2 (Nt(m) - k)

which is identical to the single-stream GLR statistic detailed
in (3), except instead of being calculated from t observations
it is calculated using Nt(m) observations since that is the
number of observations of stream m that have been made.
The value of this statistic can be computed efficiently in
O(logt) time using the FOCuS algorithm [8]. If N™ =,
then the statistic takes the value of the empty sum, which
is 0. The agent’s detection statistic at time ¢ is equal to the
largest local GLR statistic from the M streams, i.e.,

The e-FOCuS algorithm runs as follows. At each time
t, an exploration decision G; is sampled from a Bernoulli
distribution with parameter €, where ¢ € (0,1) is the prob-
ability of exploration that is initialized at the beginning of
the algorithm. If Gy = 1, then the agent randomly samples
a stream index from [M] and then observes the stream with
that index. If Gt = 0, then the agent selects the stream
whose local GLR statistic is largest based on the previous
t — 1 time steps, namely

Ay = argmax Tt(in).

me[M]
Then the stream with index A; is sampled, which gives the
observation X;. Using that observation, the statistic TfAt)
is updated and the statistic 7% is calculated by taking the
maximum of all M GLR statistics. The algorithm is stopped
if Tt > X and continues to run otherwise.

4. MAIN RESULTS



In this section we present our three main results and then
discuss how they can be used to calibrate the parameters of
the e-FOCuS algorithm.

4.1 Statements of Results

First, we show that the stream with the changepoint has
the largest detection statistic after some finite point in time.

PROPOSITION 1. Consider an agent using e-FOCuS on
M > 1 streams with an exploration parameter € € (0,1) and
a detection threshold A > 0. Suppose without loss of general-
ity that a change-point exists at time v = 0 in stream 1. Let
H, denote the event that at time t, one of the local statis-
tics of a stream m € [M]\ {1} is greater than or equal to
stream 1’s, expressed as

H; = { max Tt(m) > Tt(l)}.
me[MN\{1}

Then there a.s. exists a finite to such that for all t > to, we
have 1{H:} = 0.

PROOF. See Section 8.3. [

Next, we upper-bound the amount of time required for
the stream with the changepoint to be identified as such.

THEOREM 1. Consider an agent using e-FOCuS on M
streams, and suppose that stream 1 contains a change-point
at time v = 0 that shifts its distribution from N(0,1) to
N(p1,1), where p1 # 0. For a detection threshold A > 0
and an exploration parameter € € (0,1), the expected time
until detection T is bounded via

1 2A(1 4+ 0(1))
E <
wolr < 71 (0
as A — 0o, where Ce uy,m > 0 is a constant determined by

€, u1, and M.
PROOF. See Section 8.3. [

+ Oe,‘ul,]\/f)

Finally, we lower-bound the expected amount of time be-
fore which a false detection occurs.

THEOREM 2. Consider an agent using e-FOCuS on M
streams, where all streams are distributed according to fo,
i.e., no change has occurred. Then given a detection thresh-
old A > 0 and an exploration parameter ¢ € (0,1), the ez-
pected time until a false detection T is bounded via

AT
>
MVX [ zg(z)2dx
as A — oo, where g(z) is defined as

g(x) = 2 %exp [—2 i n'® (—xn1/2/2):| , x> 0.
n=1

PROOF. See Section 8.3. [

En,oolT]

4.2 Discussion and Application of Results

The rate at which the o(1) term goes to 0 as A — oo
in Theorem 1 depends only on the size of u; since it comes
from the single-stream asymptotic performance bound of the
GLR procedure from [10]. The constant C. ., a grows as
M grows, and Ce,,,,m grows as € and g1 approach 0, which
is intuitive because these changes make it more difficult to
identity the correct stream during greedy selection.

Using Theorems 1 and 2, we compare e-FOCuS in the
M-stream setting with CUSUM in the single-stream setting
when fo and fi are both known to CUSUM. CUSUM is
optimal for Pollak’s minimax formulation [7] in the single-
stream setting, which implies that its worst-case expected
detection delay

CADD(7) :=supE1 [t —v |7 > V]
v>0

is minimized, subject to the average run length (the ex-
pected stopping time when there is no change-point), namely

ARL(7) := E1,00[7] > 7,

for some constant v > 0. This optimality implies that it
matches the asymptotic lower bound of any detector, namely

. ) log~

inf {CADD(7) : ARL(7) > v} > DUllfo) (1+40(1)) (4)
as v — oo [4]. As seen in Theorem 1, we use Epro[7] as a
surrogate for the CADD. We do this for two reasons: (i)
it well-known that CUSUM attains its worst-case detection
delay at v = 0, so this surrogate makes for an effective com-
parison [10], and (ii) [9] uses the same surrogate in their
analysis of the single-stream GLR procedure. From The-
orem 2, the expected stopping time when no change-point

el
Ay 88 the threshold
A — oo. For simplicity of notation we let C' =

occurs is lower bounded as Epf o0 [7] >
___Vr
J5° zg(x)?dx
since it is constant with respect to the threshold and num-
ber of streams. By setting the ARL lower bound equal to
v and solving, we derive the minimum threshold needed to
attain an ARL at least as large as v to be

A= (14 o(1)) log (%) 5)

as 7 — oo. For a fixed M, we can substitute our threshold
in (5) into the expected detection delay bound in Theorem 1
to upper bound our surrogate for the CADD, which gives

]E[\/[,O[T] < : i - (2)\(1 :%0(1)) + Ce,,ul,M)
_ 1 [2(1+o0(1)log (%F) (1+0(1))
=1 ( M%C + Ce,m,M>

_ (1 +0(1))log (v) (6)
D(f1][fo) (1 =€)

as 7 — oo. Here, log(M), log(C), and C. ., ,m are fixed as
~v — oo and are absorbed into o(1) and (140(1))(140(1)) =
(14 0(1)). Thus, (6) implies that, as v — oo, the expected
detection delay of our algorithm (given an ARL greater than
~) is upper-bounded by Lai’s lower bound of any detector [4],
as seen in (4), multiplied by a constant which is indepen-
dent of the number of streams. Therefore, our algorithm is
within a constant factor of minimax optimality. Moreover,
our bound is within a constant factor of the performance
of CUSUM, which requires complete knowledge of both the
pre-change and post-change distributions, even though we
do not require knowledge of the post-change distribution.

S. SIMULATIONS

We perform Monte Carlo simulations to evaluate the per-
formance of e-FOCuS for M = 10 streams and a post-change
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Figure 1: Comparison of expected detection delays
of e-FOCuS across different change-point locations
and thresholds with M =10, y; =1, and € = 0.1.

mean of u1 = 1. We use an exploration parameter of € = 0.1,
and in Figure 1 we compare the expected detection delay
across various detection thresholds A and values of v. Specif-
ically, Figure 1 shows the value of the detection delay av-
eraged over 50 simulations that were done for each (A, v)
pair. The results are roughly equivalent for all change-point
locations, suggesting the algorithm’s performance depends
only weakly on the location of v.

In Figure 2 we compare our algorithm’s performance with
CUSUM’s asymptotic detection delay, which is

o(1)) = i—é‘(l +o0(1)) as A — oo .
1
asymptotic detection delay should be worse by at most a

factor of 1/(1 — €) = 1.11, which we indeed see in Figure 2
as A grows.

From Theorem 1, the

6. CONCLUSION

We presented a novel use case of reinforcement learning
for the setting of online multi-stream quickest change de-
tection. The majority of our work was in characterizing
the asymptotic performance of our e-greedy change-point
detection algorithm. While our results indicate significant
progress over previous approaches, this is still ongoing work.
The eventual goal will be to replace e-greedy with a stochas-
tic bandit algorithm which attains sub-linear regret such as
UCB [2] or Thompson Sampling [1].

7. ACKNOWLEDGEMENTS
This work was supported by the Air Force Office of Scien-

tific Research under grants FA9550-19-1-0169 and RYCORO036,

and by the Air Force Research Lab Sensors Directorate.
References

[1] Shipra Agrawal and Navin Goyal. “Near-Optimal Re-
gret Bounds for Thompson Sampling”. In: 64.5 (2017).

[2] Peter Auer, Nicolo Cesa-Bianchi, and Paul Fischer.
“Finite-time Analysis of the Multiarmed Bandit Prob-
lem”. In: Machine learning 47.2-3 (2002), pp. 235-256.

A
DKL(lefO)(1+

Expected Detection Delays Ratio e-FOCuS/CUSUM

1284
—o— v=0
1.26 v=10
—e— v=100
1.24 4 —o— v=le3
> —o— v=1led
= — V=
3 1221 v=1e5
c
S
g 1201
[
©
v 1.18 -
(=]
c
g -
> 116
1144
1124
1000 1500 2000 2500 3000 3500 4000 4500 5000
detection threshold
Figure 2: Ratio of asymptotic expected detec-

tion delays of e-FOCuS to CUSUM across different
change-point locations with M = 10, y1 = 1, and
e=0.1.

[3] Aditya Gopalan, Braghadeesh Lakshminarayanan, and
Venkatesh Saligrama. “Bandit Quickest Changepoint
Detection”. In: Advances in Neural Information Pro-
cessing Systems 34 (2021), pp. 29064-29073.

[4] Tze Leung Lai. “Information bounds and quick de-
tection of parameter changes in stochastic systems”.
In: IEEE Transactions on Information Theory 44.7
(1998), pp. 2917-2929.

[6] Gary Lorden. “Procedures for Reacting to a Change in
Distribution”. In: The Annals of Mathematical Statis-
tics 42.6 (1971), pp. 1897-1908.

[6] Ewan S. Page. “Continuous Inspection Schemes”. In:
Biometrika 41.1/2 (1954), pp. 100-115.

[7] Moshe Pollak. “Optimal Detection of a Change in Dis-
tribution”. In: The Annals of Statistics (1985), pp. 206—
227.

[8] Gaetano Romano et al. “Fast Online Changepoint De-
tection via Functional Pruning CUSUM statistics”.
In: Journal of Machine Learning Research 24 (2023),
pp. 1-36.

[9] D. Siegmund and E. S. Venkatraman. “Using the Gen-
eralized Likelihood Ratio Statistic for Sequential De-
tection of a Change-Point”. In: The Annals of Statis-
tics 23.1 (1995), pp. 255 —271.

[10] Haoyun Wang and Yao Xie. “Sequential change-point
detection: Computation versus statistical performance”.
In: WIREs Computational Statistics 16.1 (2024).

[11] Qunzhi Xu and Yajun Mei. “Multi-Stream Quickest
Detection with Unknown Post-Change Parameters Un-
der Sampling Control”. In: 2021 IEEE International
Symposium on Information Theory (ISIT). IEEE. 2021,
pp. 112-117.

8. APPENDIX



8.1 Basic Facts

For the Chernoff-Hoeffding bound, we use the formulation
given by [1], which we restate here.

Fact 1  (CHERNOFF-HOEFFDING BOUND). Let X1,..., X,

be independent random variables with support [0, 1] such that
E[X;] = u,Vi. Let Sp =>.7_, Xi. For all a > 0, we have

P(S, >nu+a) < 6_2“2/n, P(S, <nu—a) < g2 /n,

FAacT 2 (BOREL-CANTELLI LEMMA). For a sequence of
events A1, Az, ..., if > o0 P(An) < 0o, then P(A, i.0.) =
0, i.e., only finitely many events A, occur a.s.

8.2 Supporting Lemmas

LEMMA 1. Consider an agent using e-FOCuS on M > 1
streams with an exploration parameter € € (0,1). Suppose
without loss of generality that a change-point exists at time
v =0 in stream 1. Then

Z Paro (Tt(l)
t=0

Proor. We denote the sample mean of stream 1’s obser-
(1)

2
t

< Hi€ ’
8M

N(1> > %) < 0.

N (1)
vations at time ¢ as ﬂgl) = 73% At time ¢,
Nt
1 [Llet 1 et
Faro <Tt() s> 2M>
N )
<P <z:i_tl)(i</‘b1€t N<1)> et
< Paro 2Nt(1> SM i
.1 Vet 1 et
= Bu ) < ML s ) )

) t
24/ NP M

where the first inequality follows because

Tt(l) = max o)
osk<ng  2(Ng 7 = k)

et
2M

7 ¢
Vet vy o et

) t
9 /N(I)M 2M

et
< Paco (1001 < ol w0 > ).

By the strong law of large numbers, |a{"| 22 |pe1]. There-
fore, as Nt(l) grows, {|ﬂ§1 < bl } holds for finitely many

t, giving 372 Paro (Tt(l) ;;11\77]\](1) > W) <oo. O

Lowering bounding N;l) as

we bound (7) as

Paro | "] <

LEMMA 2. Consider an agent using e-FOCuS on M > 1
streams with an ezploration parameter € € (0,1), and sup-
pose without loss of generality that a change-point exists at
time v =0 in stream 1. Then

oo
t et
Paro (10 < 1L N :
;M”(t sar NS o) <

PROOF. At time ¢, independent of F;_1, the probability
of picking stream 1 is at least 5 simply from exploration.
Then the Chernoff-Hoeffding (Fact 1) gives

t €t
Paro (T < 1 N0 <
M’O( ¢ 8M’ = 2M
2
(1) et €t
< < < - )
< Paro (N 2M) =P ( 2M2) ()

Since (8) is exponentially decreasing, its sum from t = 0
to oo is finite, and the result follows. []

LEMMA 3. Consider an agent using e-FOCuS on M > 1
streams with an exploration parameter € € (0,1), and sup-
pose without loss of generality that a change-point exists at
time v =0 in stream 1. Then

o0 2
2 1 1 piet
S Eao (Tt( Vs 7 O S W) <o

t=0
PROOF. At time t,

2
@) 5 (D) p(1) 5 HIELY @ > piet
Par,o (Tt >V Y > ) < Pao (T ST

S X7
max LR Vel ) o)

o<i<i<t  \j—i 2V M

where (9) follows since the event

< Pao

N @) 2
(Zk i1 Xk 2
piet
max > )
0<k<N{? 2 (Nt@) - z) 8M

implies the event

D NG
Vi—i T 2yM

From Proposition 1 in [9], a constant C' > 0 exists such that

Paro max ‘Zk z+1 | > |u1|\/>
0<i<j<t Vi—1 2v M

(‘Ml‘\/;)(ﬁ(lﬂl'\/&).
2V M 2vM
Since (10) is exponentially decreasing, its sum from ¢ = 0
to oo is finite, and the result follows. []

8.3 Proofs of Main Results

PROOF OF PROPOSITION 1. Applying the union bound,
we split the probability of H; at time ¢ into the sum of the
probabilities that each of the statistics for streams m # 1

max
0<i<j<t

(10)

exceeds Tt(l)7 which gives

Paro (He) = Paryo ( max T™ > Tt(l))

me[MN\{1}
M
<> Puro (Tt(m) 2 Tt<1)) = (M-1)Pao (Tt(2) > Tt(l)) ;
m=2
(11)

where (11) follows since the statistics for streams m # 1 are
identically distributed. We can bound Pas,o (Tt(z) > Tt(l))



as
,u26t
Paro (Tf?) > Ttu)) < Paro (Tt@) >0 70 > 17)

8M
piet Tet ™ S et
, N, —
8M’ 2M

ulét @ o € et
8M’N = 2M

+Pumo <Tt(1)

+Pumo <Tz(1)

Applying Lemmas 1, 2, and 3 gives >.,;° Paso(Ht) < oo.
From the Borel-Cantelli lemma (Fact 2), H; a.s. holds true
for only finitely many ¢. [

PrRoOOF OF THEOREM 1. The detection delay can be par-
titioned into the time spent observing stream 1 and the time
spent observing other streams as

t=1

Eao[7] = Enmyo [Nil)] +Eno |:Z 1{G:=0,A; # 1}]

+Eumo |D 1{Gi =14 #1}|. (12)

t=1

From Proposition 1, there a.s. exists a finite time step after
which streams m # 1 are not selected during exploitation,
so there exists a finite constant Ce ., s > 0 (which depends
on €, p1, and M) such that

EM,O < Cs,m,M~ (13)

il{Gt:(),At?él}

At any time t, G; = 1 happens with probability e. Given
G: =1, A: # 1 happens with probability Mj\Zl. Therefore

i _ (M —-1)
;1{@1,&7&1}} ===

When M = 1, the expected number of observations from
stream 1 before a detection is flagged within stream 1 is
equal to the expected value of 7. However, in the multi-
stream (M > 1) setting, detection can be flagged from a
stream other than stream 1, in which case stream 1 would
have generated fewer samples than it did in the single-stream

Eao Epr,o [7] (14)

setting. Then the expected value of NT(I) in the multi-stream
(M > 1) setting is upper-bounded by the expected value of
7 in the single-stream (M = 1) setting. Formally,

Eno [Ngl)] <Ei,[7]. (15)

Since the GLR procedure is asymptotically optimal in the
single-stream setting [10], we have

Eio[7] < lS/l;[())]ELV[T —v|T>v]= A;;(J—Ziﬁ;(l);)’ (16)

as the threshold A — oco. Using (13), (14), (15), and (16)
n (12) gives

Eamof[r] < A (le.ch;) Cepy,M + %EM,O [7]
< w%—cﬂn M+ €Enrro[7],

which follows since D(f1]]fo) = ; The result follows from

solving for Enro[r]. O

PrOOF OF THEOREM 2. Given a threshold A > 0, for any
to € N we have

Par,oo (T > to)
M (Z] X(M))2
k=i+1 Yk
=Pum,o ﬂ max = <A
me1 0§¢<jngé"’ (4 —1)
2
M J X(m))
k=i+1 k
> 0o
Par WDl Ogg'ri%}éto 2 —4) <A
) 2
(m)
M heit1 X" )
= H Par,co max ————————t— <\
et 0<i<j<to 2(5 —1)
(S x®) )"
=it
=Proo - )\ . 17
Moo | B T 2= (1"

The first line of (17) follows since the stopping time is only
greater than ¢ if all of the GLR statistics produced up to
time to are less than A. The next step follows since N <
to for all m € [M], which is the case since 3 5 N(m>
to. If all {(i,5) : 0 < i< j <to} produce statistics less than
A, then all {(z’,j) 0<i<ji< Nt(om>} produce statistics less
than A. The converse may not be true, so the probability
of not flagging a detection in stream m € [M] after N(m)
samples is more likely than the probability of not ﬂaggmg a
detection after to samples from stream m € [M]. The next
line of (17) follows since the events are independent. The
last line of (17) follows since all of the streams are iden-
tically distributed as fo in the no-change scenario. From
Proposition 1 in [9], the probability of the event
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is equal to the probability of the event {r > to} when M =1
and v = co. Using this equivalence in (17), we see that
Patoo (T > t0) > Proo (T > to)™

From Theorem 1 of [9], when M = 1 and v = oo the
value of 7 is asymptotically exponentially distributed with
expected value
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as A — oo. Calculating the formula for the expected value of
an exponential random variable using tail integration gives
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as A —oo. [



